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Abstract
Palmieri [Ann. of Math. 149 (1999) 421] gave a complete general description of the cohomology of
the Steenrod algebra modulo nilpotent elements. He described several families of explicit elements.
We prove that the only elements in filtrations 2 and 3 are those in Palmieri’s explicit families. We
give conjectures about filtrations 4, 5, 6, and 7.
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1. Introduction
Let A be the mod 2 Steenrod algebra. Its cohomology, H ∗(A;Z2)= Ext∗A(Z2,Z2), is
the E2-term of the Adams Spectral Sequence converging to the 2-component of the stable
homotopy groups of the spheres. It has been studied intensively since its introduction in
Adams’ seminal 1958 paper [1].
Let G be a compact group and let k be a field of characteristic p > 0. Quillen [4]
gave a description of the cohomology algebra H ∗(G; k) modulo nilpotent elements as an
inverse limit of the cohomology algebras of the elementary Abelian p-subgroups of G.
Palmieri [3] describes the cohomology of the Steenrod algebra modulo nilpotent elements,
using Quillen’s result. He gives what is, in some sense, a complete general description
of nonnilpotent families in the cohomology of the Steenrod algebra. We try to describe
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all such elements explicitly filtration-by-filtration. (By filtration we do not mean filtration
in the Adams spectral sequence. In our work the filtration number is just the number of
generators multiplied.)
Definition 1.1 (Quillen [4]). Fix a field k of characteristic p > 0. Given a map f :R→ S
of graded commutative k-algebras, we say that f is an F -isomorphism if
(i) every x ∈ kerf is nilpotent, and
(ii) every y ∈ cokerf is nilpotent, in the sense that for all y ∈ S, there is an n so that ypn
is in the image of f .
Let R denote the bigraded ring Z2[hts|s < t]/(htshuv |u s). Generators hts represent
ξ2
s
t
and has bidegree (1, 2s(2t − 1)).There is an A-action on R given by the following on
the generators:
(1.2) Sq2k (ht,s)=


ht−1,s+1 if k = s and s + 1 < t − 1,
ht−1,s if k = s + t − 1 and s < t − 1,
0 otherwise.
then extending by the Carton formula.
The elements of R which are invariant under the total squaring operation 1 + Sq1 +
Sq2 + · · · are called A-invariants and denoted by RA.
Theorem 1.3 (Palmieri [3]). There is an F-isomorphism Ext∗A(Z2,Z2)→ RA.
This theorem allows one to compute some invariant elements in RA and hence to predict
the existence of families of elements in the cohomology of the Steenrod algebra.
Now we give some examples of the invariant elements from Palmieri [3]. The first one
is h1,0. It is known that h1,0 lifts to h0 ∈H 1,1(A). The second one is h2,1, and it is known
that h42,1 lifts to an element in H
4,24(A) which is known as g. Note that h2,1 is an invariant
in filtration 1 in our work but its fourth power lifts to cohomology of the Steenrod algebra,
hence it lifts to an element in filtration 4 in Adams spectral sequence. Indeed, ht,t−1 is
invariant for t  1 but it is not known which power of ht,t−1 survives in H ∗(A) for t  3.
The following proposition is due to Palmieri and gives a classification of all invariant
monomials.
Proposition 1.4 (Palmieri [3]). A monomial is invariant if and only if it is of the following
form:
{
h
i0
n0h
i1
n1 · · ·hin−1n,n−1
∣∣ i0, i1, . . . , in−2  0, in−1  1
}
.
It is not known in general which powers of these elements lift to H ∗(A).
Palmieri also gives a few families of invariants found by computer calculations:
h820h
4
31 + h830h421 + h1121h31
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in R12,80, an element in R13,104 (a sum of twelve monomials in the variables hi,0 and
hi,1, 2  i  5), and an element in R9,104 (a sum of eight monomials in the same
variables). It is not known which power of any of those lifts to H ∗A.
2. Results
By “polynomial” we mean all monomials and polynomials. The following definition of
the word s-polynomial will be used throughout the paper. S-polynomial stands for special
polynomial.
Definition 2.1. A s-polynomial is a sum of monomials for which none of the summands is
an invariant monomial.
Since all the invariant monomials are classified by Palmieri in Proposition 1.4 we have
started looking for invariant s-polynomial, filtration by filtration. We give our results in the
next section.
Definition 2.2. For a polynomial M , Sq2i (M) (i  0) is said to be in NZ if it is nonzero
and there is no polynomial M ′, disjoint from M in the sense that no monomial is present
in both M and M ′, for which Sq2i (M +M ′)= 0.
NZ stands for nonzero, and “Sq2i (M) is in NZ” implies there is no other polynomial
that can be added to M to yield an invariant polynomial. We will sometimes just write this
as Sq2
i
(M) ∈NZ.
Definition 2.3. A monomial M is said to be in PL if it is of the form of Proposition 1.4.
PL stands for Palmieri’s list.
In the definition of A-action given by (1.2), we refer to Sq2t+s−1 as horizontal and Sq2s
as diagonal squaring operations, which is consistent with the graphical description of
A-action given by Fig. 1 in Palmieri [3].
The following theorem is our first result.
Theorem 2.4 (Batakci [2]). In filtration 2 there are no invariant s-polynomials.
Proof. Throughout the entire analysis, the numeration indicates the division into subcases.
Let M = ht2,s2ht1,s1 be a nonzero monomial in filtration 2. This means min(t1, t2) >
max(s1, s2). Without loss of generality we assume t2 + s2  t1 + s1. Then we consider
three main cases on this order where the difference between s1 + t1 and s2 + t2 is larger
than one, one, and zero. Next we show in any of these cases M cannot be completed to
an invariant s-polynomial. Our general procedure to apply horizontal squaring operation
Sq2
j
with j as large as possible. Then we analyze Sq2j (M) which would be either zero or
nonzero. If Sq2j (M) is zero then we check whetherM is of the form of Palmieri’s invariant
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monomial or not. If M is one of the Palmieri’s invariant monomial then we conclude and
say M is in Palmieri’s list PL. If M is not in Palmieri’s list but Sq2j (M) is zero then we
apply to M some other horizontal squaring operation Sq2j with possible largest j . Then
we analyze the result again and so on.
If Sq2j (M) is nonzero at any stage then we search for some other monomial(s)M ′ such
that Sq2j (M +M ′)= 0. If there is no such M ′ then we say Sq2j (M) is in NZ.
Now consider the following three main cases:
(1) s2 + t2 − 1 > s1 + t1,
(2) s2 + t2 − 1 = s1 + t1,
(3) s2 + t2 = s1 + t1.
Case (1): s2 + t2 − 1 > s1 + t1:
(1.1) t2 > s2 + 1 ⇒ Sq2s2+t2−1(M)= ht2−1,s2ht1,s1 ∈NZ. We remind the reader that this
means there is no other monomial N such that Sq2s2+t2−1(N) hits ht2−1,s2ht1,s1 . This
is immediate from the definition of the A-action (1.2). Note that if t2 = s2 + 1, then
ht2−1,s2 = 0. So we consider
(1.2) t2 = s2 + 1:
(1.2.1) t1 = s2 + 1 ⇒M is in PL. We remind the reader that a monomial M is
said to be in PL if it is in Palmieri’s list of invariant elements.
(1.2.2) t1 > s2 + 1 ⇒ Sq2s1+t1−1(M)= ht2,s2ht1−1,s1 ∈NZ.
Case (2): s2 + t2 − 1 = s1 + t1:
(2.1) t2 > s2 + 1
(2.1.1) s1 = s2 ⇒ Sq2s2+t2−1(M)= ht2−1,s2ht1,s1 = h2t1,s1 ∈NZ.(2.1.2) s1 = s2. Let N = ht2−1,s2ht1+1,s1 . Then
Sq2
s2+t2−1
(M +N)= 0,
Sq2
s1+t1−1
(M +N)= ht2,s2ht1−1,s1 + ht2−2,s2ht1+1,s1 .
This sum is in NZ unless both of the summands are zero. This is possible
only if t1 = s1 + 1 (or t1 = s2 + 1 ) and t2 = s2 + 2, which cannot happen
since plugging those into s2 + t2 − 1 = s1 + t1 gives us s1 = s2.
(2.2) t2 = s2 + 1
(2.2.1) t1 = s2 + 1 ⇒M is in PL.
(2.2.2) t1 > s2 + 1 ⇒ Sq2s1+t1−1(M)= ht2,s2ht1−1,s1 ∈NZ.
Case (3): s2 + t2 = s1 + t1:
(3.1) s1 = s2 (⇒ t1 = t2), then
(3.1.1) t2 = s2 + 1 ⇒M is in PL.
(3.1.2) t2 > s2 + 1 ⇒ Sq2s2+t2 (M)= h2t2−1,s2 ∈NZ.
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(3.2) s1 = s2 (⇒ t1 = t2), then
Sq2
s2+t2−1
(M)= ht2−1,s2ht1−1,s1 + ht2,s2ht1−1,s1 .
In this sum one of the summands is always in NZ. (If t2 > s2 + 1, the first summand
is nonzero, while if t2 = s2 + 1, then the first summand is zero but the second
summand is in NZ.) ✷
Now we give our second result.
Theorem 2.5 (Batakci [2]). In filtration 3 there are no invariant s-polynomials.
Proof. Throughout the entire analysis, again the numeration indicates the division into
subcases. Let M = ht3,s3ht2,s2ht1,s1 be a nonzero monomial which means min(t1, t2, t3) >
max(s1, s2, s3). Without loss of generality we assume t3 + s3  t2 + s2  t1 + s1. We use
the same method and show that M cannot be completed to an invariant s-polynomial. We
consider the following nine cases:
(1) s3 + t3 − 1 > s2 + t2 and s2 + t2 − 1 > s1 + t1,
(2) s3 + t3 − 1 > s2 + t2 and s2 + t2 − 1 = s1 + t1,
(3) s3 + t3 − 1 > s2 + t2 and s2 + t2 = s1 + t1,
(4) s3 + t3 − 1 = s2 + t2 and s2 + t2 − 1 > s1 + t1,
(5) s3 + t3 − 1 = s2 + t2 and s2 + t2 − 1 = s1 + t1,
(6) s3 + t3 − 1 = s2 + t2 and s2 + t2 = s1 + t1,
(7) s3 + t3 = s2 + t2 and s2 + t2 − 1 s1 + t1,
(8) s3 + t3 = s2 + t2 and s2 + t2 − 1 = s1 + t1,
(9) s3 + t3 = s2 + t2 = s1 + t1.
Case (1): s3 + t3 − 1 > s2 + t2 and s2 + t2 − 1 > s1 + t1,
(1.1) t3 > s3 + 1 ⇒ θs3+t3−1(M)= ht3−1,s3ht2,s2ht1,s1 ∈NZ.
(1.2) t3 = s3 + 1 (⇒ s3 > s1, s2) we divide this into subcases. We remind the reader that
the numeration indicates the division into subcases. All hypotheses at any step can be
obtained by omitting digits from the end. For example, the hypotheses for (1.2.2.2)
are those of (1.2.2.2), (1.2.2), (1.2) and (1).
(1.2.1) t2 > s3 + 1 ⇒ θs2+t2−1(M)= ht3,s3ht2−1,s2ht1,s1 ∈NZ.
(1.2.2) t2 = s3 + 1,
(1.2.2.1) t1 = s3 + 1 ⇒M is in PL.
(1.2.2.2) t1 > s3 + 1 ⇒
θs1+t1−1(M)= ht3,s3ht2,s2ht1−1,s1 ∈NZ.
Case (2): s3 + t3 − 1 > s2 + t2 and s2 + t2 − 1 = s1 + t1,
(2.1) t3 > s3 + 1 ⇒ θs3+t3−1(M)= ht3−1,s3ht2,s2ht1,s1 ∈NZ.
(2.2) t3 = s3 + 1,
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(2.2.1) t2 > s3 + 1
(2.2.1.1) s1 = s2. Let N = ht3,s3ht2−1,s2ht1+1,s1 . Then
θs2+t2−1(M +N)= 0,
θs2+t2−2(M +N)= ht3,s3ht2,s2ht1−1,s1
+ ht3,s3ht2−2,s2ht1+1,s1 .
The two summands are obviously not equal unless both are zero.
Since M is nonzero, t1 > s3, and by hypothesis t2 > s3 + 1. If
t1 = s3 + 1 and t2 = s3 + 2, then by (1.2) s1 = s2 which contradicts
the hypothesis s1 = s2. Hence either t1 > s3 + 1, in which case the
first term is in NZ, or t2 > s3 + 2, in which case the second term
is in NZ.
(2.2.1.2) s1 = s2 ⇒ θs2+t2−1(M)= ht3,s3ht2−1,s2ht1,s1 ∈NZ.
(2.2.2) t2 = s3 + 1
(2.2.2.1) t1 = s3 + 1 ⇒M is in PL.
(2.2.2.2) t1 > s3 + 1 ⇒ θs1+t1−1(M)= ht3,s3ht2,s2ht1−1,s1 ∈NZ.
Case (3): s3 + t3 − 1 > s2 + t2 and s2 + t2 = s1 + t1,
(3.1) t3 > s3 + 1,
(3.1.1) s3 + t3 − 1 = s2 + t2 + 1 ⇒
θs3+t3−1(M)= ht3−1,s3ht2,s2ht1,s1 ∈NZ.
(3.1.2) s3 + t3 − 1 = s2 + t2 + 1,
(3.1.2.1) s1 = s2 (⇒ t1 = t2). Let N = ht3−1,s3h2t2+1,s2 then
θs3+t3−1(M +N)= 0,
θs3+t3−2(M +N)= ht3,s3h2t2−1,s2 + ht3−2,s3h2t2+1,s2 .
This is in NZ unless t3 − 2 = t2 − 1 =max(s2, s3). It then follows
from (1.3.1.2) that s3 = s2 + 1. Then we have, with s = s2,
M +N = hs+3,s+1h2s+2,s + hs+2,s+1h2s+3,s,
θs+1(M +N)= h3s+2,s+1 ∈NZ.
This is the first case we needed to use a diagonal squaring
operation.
(3.1.2.2) s1 = s2 (⇒ t1 = t2). Let N = ht3−1,s3ht2+1,s2ht1+1,s1 then
θs3+t3−1(M +N)= 0,
θs3+t3−2(M +N)= ht3,s3ht2−1,s2ht1−1,s1
+ ht3−2,s3ht2+1,s2ht1+1,s1
+ ht3−1,s3ht2,s2ht1+1,s1
+ ht3−1,s3ht2+1,s2ht1,s1
with (at least) the last term is in NZ.
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(3.2) t3 = s3 + 1 (⇒ s3 > s1, s2)
(3.2.1) s1 = s2 (⇒ t1 = t2)
(3.2.1.1) t2 > s3 + 1 ⇒ θs2+t2(M)= ht3,s3h2t2−1,s2 ∈NZ.(3.2.1.2) t2 = s3 + 1 ⇒M is in PL.
(3.2.2) s1 = s2 (⇒ t1 = t2) ⇒
θs2+t2−1(M)= ht3,s3ht2−1,s2ht1,s1 + ht3,s3ht2,s2ht1−1,s1 .
The summands are obviously not equal unless both are zero. Since t1 = t2,
either t2 > s3 + 1, in which case the first term is in NZ, or t1 > s3 + 1, in
which case the second term is in NZ.
Case (4): s3 + t3 − 1 = s2 + t2 and s2 + t2 − 1 > s1 + t1,
(4.1) t3 > s3 + 1.
(4.1.1) s3 = s2. Let N = ht3−1,s3ht2+1,s2ht1,s1 . Then
θs3+t3−1(M +N)= 0,
θs3+t3−2(M +N)= ht3,s3ht2−1,s2ht1,s1
+ ht3−2,s3ht2+1,s2ht1,s1 .
We first observe that no other monomial hits either of these terms under
θs3+t3−2. Thus the sum is in NZ unless both of the summands are zero, which
is the case only if t2 − 1 = t3 − 2 =max(s1, s2, s3). However t2 − 1 = t3 − 2
and (2.1) imply s2 = s3, contradicting (4.1).
(4.1.2) If s3 = s2, the monomial N found in (4.1.1) equals M , and so θs3+t3−1(M) ∈
NZ.
(4.2) t3 = s3 + 1.
(4.2.1) t2 > s3 + 1 ⇒ θs2+t2−1(M) ∈NZ.
(4.2.2) t2 = s3 + 1 (⇒ s3 > s1, s2)
(4.2.2.1) t1 > s3 + 1 ⇒ θs1+t1−1(M) ∈NZ.
(4.2.2.2) t1 = s3 + 1 ⇒M is in PL.
Case (5): s3 + t3 − 1 = s2 + t2 and s2 + t2 − 1 = s1 + t1,
(5.1) t3 > s3 + 1.
(5.1.1) s3 = s2. Let N1 = ht3−1,s3ht2+1,s2ht1,s1 . Then
θs3+t3−1(M +N1)= 0,
θs3+t3−2(M +N1)= ht3,s3ht2−1,s2ht1,s1
+ ht3−2,s3ht2+1,s2ht1,s1 .
By the argument in (4.1.1), it cannot be the case that both summands are
zero. Now we search for other monomials which hit this sum under θs3+t3−2.
(5.1.1.1) s1 = s2. Let N2 = ht3,s3ht2−1,s2ht1+1,s1 and
N3 = ht3−2,s3ht2+1,s2ht1+1,s1 . Then
θs3+t3−2(M +N1 +N2 +N3)= 0,
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θs3+t3−3(M +N1 +N2 +N3)= ht3,s3ht2,s2ht1−1,s1
+ ht3−1,s3ht2+1,s2ht1−1,s1
with second term in NZ since t1 = s1 + 1 is inconsistent with
s1 = s2, s2 + t2 − 1 = s1 + t1, and t2 > s2.
(5.1.1.2) s1 = s2. The monomial N2 found in (5.1.1) equals M , and so
θs3+t3−2(M +N1) ∈NZ.
(5.1.2) If s3 = s2 then N1 of (2.2.1.1) equals M , and so
θs3+t3−1(M)= h2t3−1,s3ht1,s1 ∈NZ.
(5.2) t3 = s3 + 1 (⇒ s3 > s1, s2)
(5.2.1) t2 > s3 + 1
(5.2.1.1) s1 = s2. Let N = ht3,s3ht2−1,s2ht1+1,s1 . Then
θs2+t2−1(M +N)= 0,
θs3+t3−3(M +N)= ht3,s3ht2,s2ht1−1,s1
+ ht3,s3ht2−2,s2ht1+1,s1 ∈NZ.
By the argument in (4.1.1), it cannot be the case that both
summands are zero. There can be no other monomials hitting either
of these monomials by θs3+t3−3 because N1 of (5.1.1) is now 0.
Thus θs3+t3−3(M +N) ∈NZ.
(5.2.1.2) If s1 = s2, then N of (5.2.1.1) equals M , and so
θs2+t2−1(M)= ht3,s3ht2−1,s2ht1,s1 ∈NZ.
(5.2.2) t2 = s3 + 1 (⇒ s3  s1, s2)
(5.2.2.1) t1 > s3 + 1 ⇒ θs1+t1−1(M)= ht3,s3ht2,s2ht1−1,s1 ∈NZ.
(5.2.2.2) t1 = s3 + 1 ⇒M is in PL.
Case (6): s3 + t3 − 1 = s2 + t2 and s2 + t2 = s1 + t1,
(6.1) s1 = s2 (⇒ t1 = t2)
(6.1.1) t3 = s3 + 1
(6.1.1.1) t2 = s3 + 1 ⇒M is in PL.
(6.1.1.1) t2 > s3 + 1 ⇒
θs3+t3−1(M)= ht3−1,s3h2t2,s2 + ht3,s3h2t2−1,s2,
with second term in NZ.
(6.1.2) t3 > s3 + 1 ⇒ the term ht3−1,s3h2t2,s2 of θs3+t3−1(M) is in NZ.(6.2) s1 = s2 (⇒ t1 = t2)
(6.2.1) t3 > s3 + 1, then the first term of
θs3+t3−1(M)= ht3−1,s3ht2,s2ht1,s1 + ht3,s3ht2−1,s2ht1−1,s1
is in NZ.
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(6.2.2) t3 = s3 + 1
(6.2.2.1) t2 = s3 + 1 (⇒ t1 = s3 + 1), then second term of
θs3+t3−2(M)= ht3,s3ht2−1,s2ht1,s1 + ht3,s3ht2,s2ht1−1,s1
is in NZ.
(6.2.2.2) t2 > s3 + 1, then
θs2+t2−1(M)= ht3,s3ht2−1,s2ht1,s1 + ht3,s3ht2,s2ht1−1,s1
with first term in NZ.
Case (7): s3 + t3 = s2 + t2 and s2 + t2 − 1 > s1 + t1,
(7.1) s3 = s2 (⇒ t3 = t2)
(7.1.1) t3 > s3 + 1 ⇒ θs3+t3(M)= h2t3−1,s3ht1,s1 ∈NZ.(7.1.2) t3 = s3 + 1 (⇒ s3 > s1)
(7.1.2.1) t1 > s3 + 1 ⇒ θs1+t1−1(M)= h2t3,s3ht1−1,s1 ∈NZ.(7.1.2.2) t1 = s3 + 1 ⇒M is in PL.
(7.2) s3 = s2 ⇒ θs3+t3(M)= ht3−1,s3ht2−1,s2ht1,s1 ∈NZ.
Case (8): s3 + t3 = s2 + t2 and s2 + t2 − 1 = s1 + t1,
(8.1) s3 = s2 (⇒ t3 = t2)
(8.1.1) t3 > s3 + 1 ⇒ Sq2s3+t3 (M)= h2t3−1,s3ht1,s1 ∈NZ.(8.1.2) t3 = s3 + 1 (⇒ s3 > s1)
(8.1.2.1) t1 > s3 + 1 ⇒ Sq2s1+t1−1(M)= h2t3,s3ht1−1,s1 ∈NZ.(8.1.2.2) t1 = s3 + 1 ⇒M is in PL.
(8.2) s3 = s2 ⇒ Sq2s3+t3 (M)= ht3−1,s3ht2−1,s2ht1,s1 ∈NZ.
Case (9): s3 + t3 = s2 + t2 = s1 + t1,
(9.1) s3 = s2 = s1 (⇒ t3 = t2 = t1)
(9.1.1) t3 = s3 + 1 ⇒M is in PL.
(9.1.2) t3 > s3 + 1. Let N = h2t3−1,s3ht3+1,s3 . Then
θs3+t3(M +N)= 0,
θs3+t3−1(M +N)= ht3−1,s3h2t3,s3 + h2t3−2,s3ht3+1,s3 ∈NZ.
(9.2) s3 = s2 = s1 (⇒ t3 = t2 = t1)
(9.2.1) t3 = s3 + 1 ⇒ θs1+t1−1(M)= h2t3,s3ht1−1,s1 ∈NZ.
(9.2.2) t3 > s3 + 1. Let N = h2t3−1,s3ht1+1,s1 . Then
θs3+t3(M +N)= 0,
θs3+t3−1(M +N)= h2t3,s3ht1−1,s1 + h2t3−2,s3ht1+1,s1 .
This sum is zero only if t1 = s1 + 1 and t3 = s1 + 2. This implies by the
hypotheses of case (9) that s1 = s3 + 1. Let s3 = s, then
M +N = h2s+3,shs+2,s+1 + h2s+2,shs+3,s+1,
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andθs+1(M +N)= h3s+2,s+1 ∈NZ.
This is the second time we use a diagonal squaring operation.
(9.3) s3 > s2 > s1 (⇒ t3 < t2 < t1)
(9.3.1) t3 > s3 + 1 ⇒
θs3+t3−1(M)= ht3−1,s3ht2,s2ht1,s1
+ ht3,s3ht2−1,s2ht1,s1
+ ht3,s3ht2,s2ht1−1,s1
since t3 > s3 + 1 and s3 > s2 > s1, the first term is in NZ.
(9.3.2) t3 = s3 + 1. Then
θs3+t3−1(M)= ht3,s3ht2−1,s2ht1,s1
+ ht3,s3ht2,s2ht1−1,s1
with first term in NZ. ✷
3. Conjectures
In this section, we find some infinite families of invariant s-polynomials and conjecture
that there are no other s-polynomials in filtration less than or equal to 7.
Conjecture 3.1. There are no invariant s-polynomials in filtration 4.
One can easily check that the families of elements described in the next three proposi-
tions are invariant.
Proposition 3.2. The element
xn = hn+1,nh2n+2,n−1h2n+2,n + h3n+1,nh2n+3,n−1
+ h2n+1,n−1h3n+2,n + h2n+1,n−1h2n+1,nhn+3,n
in bidegree (5, 22n+3 + 22n+2 + 22n+1 − 2n+2) is invariant for any n > 0 in filtration 5.
Proposition 3.3. The element hn+1,kxn in bidegree (6, 22n+3 + 22n+2 + 22n+1 + 2k+n+1 −
2n+2 − 2k) for 0  k  n and n > 0, where xn is as in Proposition 3.2, is invariant in
filtration 6.
Proposition 3.4. The elements
hn+1,ihn+1,j xn with 0 i  j  n,
in bidegree (7, 22n+3 + 22n+2 + 22n+1 + 2i+n+1 + 2j+n+1 − 2n+2 − 2i − 2j ) and
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yn = h3 h4n+3,n−1 + h4n+2,nhn+2,n+1h2n+3,nn+2,n+1
+ h4n+2,n−1h2n+2,n+1hn+3,n+1 + h6n+2,nhn+3,n+1.
in bidegree (7, 3.22n+3 + 22n+4 − 2n+3) are invariant in filtration 7.
Conjecture 3.5. These are the only invariant s-polynomials in filtration less than or equal
to 7.
A Maple program verified these conjectures through a range of dimensions. The
program ran up to degree 8000 in filtrations 4 and 5, up to 3200 in filtration 6, and up
to 1800 in filtration 7.
The method of proofs we use gets very complicated in higher filtration. There would
3n−1 main cases on ordering of t + s′s in filtration n. Unfortunately, the author knows of
no other methods for proving Conjectures 3.1 and 3.5.in higher filtration.
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